Published by Institute of Physics Publishing for SISSA/ISAS Received: June 12, 2003 Accepted: August 24, 2003

Exact conserved quantities on the cylinder II: off-critical case

Davide Fioravanti

Department of Mathematical Sciences South Road, Durham DH1 3LE, England, UK E-mail: Davide.Fioravanti@durham.ac.uk

Marco Rossi

Department of Mathematics, Heriot-Watt University Edinburgh EH14 4AS, Scotland, UK E-mail: M.Rossi@ma.hw.ac.uk

Abstract: With the aim of exploring a massive family of models, the nonlinear integral equation for a quantum system consisting of left and right KdV equations coupled on the cylinder is derived from an integrable lattice field theory. The eigenvalues of the energy and of the transfer matrix (and of all the other local integrals of motion) are expressed in terms of the corresponding solutions of the nonlinear integral equation. The family of models turns out to correspond to the Φ_{(1,3)} perturbation of Conformal Field Theories. The analytic and asymptotic behaviours of the transfer matrix are studied and given.

Keywords: Conformal and W Symmetry, Integrable Field Theories, Bethe Ansatz.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep082003042 /jhep082003042 .pdf

Contents

1. Introduction 1

2. The nonlinear integral equation for the vacuum sector 2

3. Local charges and transfer matrix 6

4. Summary and outlook 11

1. Introduction

The computation of the eigenvalues of the conserved charges — in particular the local ones — is a very important issue in the study of 1 + 1 dimensional Integrable Field Theories. For instance, the local integrals of motion have recently revealed to enter the form of offcritical null-vectors [1]. Among the various methods of computing, a possible one uses a discretisation of the space and the diagonalisation of the discrete transfer matrix by means of a Bethe Ansatz technique. The problem of recovering the continuous limit of such eigenvalues can be tackled by deriving non-linear integral equations, in the ductile form introduced by Destri and de Vega [2] for the ground state of sine-Gordon theory. Actually, similar types of non-linear integral equations were first discovered in the critical 6- and 19-vertex models by [3]. We will follow the scheme of [2] since it deals with a massive case very similar to ours and we may also simply gerealise our treatment to the excited states along the lines of several works (cfr. e.g. [4]).

Actually, our previous article [5] severely grounds the analysis of the present work, for it deals with recovering the (continuous) conformal field theory limit from the lattice (m)KdV theory (the quantum Lax operator has been written down by Kundu in [6]). It also provides us the natural ingredients to bring forward our analysis out of criticality, in an unified scenario. In this article we address the problem of performing the continuous limit of the eigenvalues of the massive transfer matrices in [7], by finding the nonlinear integral equation determining the counting function. In particular, exact expressions of all the local integrals of motion are given as nonlinear functionals of the counting function. Our approach bases on a non-ultralocal lattice field theory and therefore the continuum limit problem is different from that solved in [2, 4], since these papers used a lattice approach to the twisted sine-Gordon model based on an inhomogeneous spin +1/2 chain (with a suitably added twist). Moreover, this spin +1/2 chain discretisation does not furnish a transfer matrix for the sine-Gordon model (encoding all the conserved charges), whereas our construction is naturally endowed with an off-critical transfer matrix. On the other hand, our lattice model satisfies a braided version of the Yang-Baxter algebra [8, 6].

– 1 –

2. The nonlinear integral equation for the vacuum sector

The basic objects of the off-critical theory have been already introduced in the conformal case [5]. Therefore, we start by recalling the introduction of the mass [7], realised through coupling two KdV theories via dishomogeneities. More precisely, we considered on a lattice of length R, spacing Δ and number of sites N = R/Δ, N ∈ 4N, the following monodromy matrices

M(α) ≡ e^{− iπβ22} N/4 ←∏ i=1 L̄_{4i}(α + Θ)L̄_{4i−1}(α + Θ)L_{4i−2}(α − Θ)L_{4i−3}(α − Θ) , (2.1)

M^′(α) ≡ e^{iπβ22} N/4 ←∏ i=1 L_{4i}(α − Θ)L_{4i−1}(α − Θ)L̄_{4i−2}(α + Θ)L̄_{4i−3}(α + Θ) , (2.2)

with coupling constant 0 ≤ β^2 ≤ 1 and dishomogeneity Θ real. In these formulæ left Lax operators L_m(α) and right Lax operators L̄_m(α) are given by L_m(α) ≡ ( e^{−iV −m} e^αe^{iV +m} e^αe^{−iV +m} e^{iV −m} ) , L̄_m(α) ≡ ( e^{−iV +m} e^{−α}e^{iV −m} e^{−α}e^{−iV −m} e^{iV +m} ) , (2.3)

where V^±_m are the discretised quantum counterparts of the mKdV variables v (left case) and v̄ (right case) and satisfy the nonultralocal commutation relations

[V^±_m , V^±_n ] = ± iπβ^2 2 (δ_{m−1,n} − δ_{m,n−1}) , (2.4) [V^+_m , V^−_n ] = − iπβ^2 2 (δ_{m−1,n} − 2δ_{m,n} + δ_{m,n−1}) , (2.5) and the periodicity conditions V^±_{m+N} = V^±_m . Actually, the left Lax operator of 2.3 has been introduced by Kundu in [6] to define a (m)KdV monodromy matrix satisfying the braided Yang-Baxter algebra. In addition, we have proved in [7] that, as a consequence of (2.4, 2.5), monodromy matrices (2.1) and (2.2) satisfy braided Yang-Baxter equations. Moreover, the diagonalisation of the corresponding transfer matrices [7] is based on the Bethe equations

e^{−ε2iπβ2l} l∏ r=1 r≠s sinh(α_s − α_r + iπβ^2) sinh(α_s − α_r − iπβ^2) = sinh ( α_s + Θ −^{iπβ2}_2 ) sinh ( α_s − Θ −^{iπβ2}_2 ) sinh ( α_s + Θ +^{iπβ2}_2 ) sinh ( α_s − Θ +^{iπβ2}_2 ) N/4 , (2.6) in which l is the number of Bethe roots and ε is equal to +1 for (2.1) and to −1 for (2.2). Correspondingly, the eigenvalues on Bethe states of the transfer matrices are

Λ_N (α) = Λ^+_N (α) + Λ^−_N (α) , (2.7)

where Λ^±_N (α) = e^{∓εiπβ2l} l∏ r=1 sinh(α − α_r ± iπβ^2) sinh(α − α_r) ρ^±_N (α) (2.8)

– 2 – and ρ^±_N (α) = e^{− ΘN2} [ 4 sinh ( Θ − α ∓ iπβ^2 2 ) sinh ( Θ + α ± iπβ^2 2 )]_{N/4} . (2.9)

Comparison with [9, equation (2.18)] shows that, after the identifications 2 cosh 2Θ = 1/S, α_s = λ_s − iπ/2 and the substitution β^2 → β^2/8π, Bethe equations (2.6) coincide with the Bethe equations for the (space-time) lattice sine-Gordon model [10] if they were twisted by a dynamical factor e^{−ε2iπβ2l}.

Now we want to summarise all the Bethe equations (2.6) into a single nonlinear integral equation. As a preliminary, we define the function, analytic in the strip |Im x| < min {ζ, π− ζ} , 0 ≤ ζ < π, ϕ(x, ζ) ≡ i ln sinh(iζ + x) sinh(iζ − x) , (2.10)

which allows us to define the counting function Z_N (x) ≡ N 4 [ ϕ ( x + Θ, πβ^2 2 ) + ϕ ( x − Θ, πβ^2 2 )] + l∑ r=1 ϕ(x − α_r, πβ^2) + 2πβ^2εl . (2.11)

In terms of the counting function the equations (2.6) assume the form

Z_N (α_s) = π(2I_s − l − 1) , I_s ∈ N . (2.12)

Between the various solutions to the Bethe equations we single out the vacuum, i.e. the eigenstate with the minimum energy, for which α_s are real and Z_N (α_s) are equal to all the numbers of the form (2.12) between Z_N (−∞) and Z_N (+∞). From (2.11) it follows that these two extremes are Z_N (±∞) = ± N 4 (2π − 2πβ^2) ± l(π − 2πβ^2) + 2πβ^2εl . (2.13)

The vacuum minimises the energy - which we will define in next section — when 1 3 < β^2 < 2 3 , (2.14)

and the “twist” 2πβ^2εl is small enough mod. 2π. Considering β^2 in the region (2.14), we now want to write an equation for the counting function associated to the vacuum in the continuous limit: N → +∞, R fixed. We firstly remark that (2.13) imply that in the continuous limit also l → +∞ and therefore, even if we define

β^2 = p p^′ , p < p^′ coprimes , (2.15)

the last term in (2.11) is divergent. Therefore, we stick to the different subsequences

l = np^′ + κ , 0 ≤ κ ≤ p^′ − 1 , (2.16)

where n → +∞ with κ fixed. Discarding in the definition of Z_N (x) multiples of 2π we get:

Z_N (x) = N 4 [ ϕ ( x + Θ, π 2 β^2 ) + ϕ ( x − Θ, π 2 β^2 )] + l∑ r=1 ϕ ( x − α_r, πβ^2 ) + 2πεω , (2.17)

– 3 – where ω is finite in the continuous limit (the double braces denote the fractional part): ω = {{ pκ p^′ }} . (2.18)

Now, using standard techniques (cfr. e.g. [2]), one can rewrite a sum over the vacuum Bethe roots of a function f_N with no poles on a strip around the real axis as follows:^1 l∑ r=1 f_N (α_r) = − ∫_{+∞} −∞ dx 2π f^′_N (x)Z_N (x) + 2 ∫_{+∞} −∞ dx 2π f^′_N (x)Im ln [ 1 + e^{iZN (x+i0)} ] . (2.19)

Applying (2.19) to the sum contained in (2.17) we get

Z_N (x) = N 4 [ ϕ ( x + Θ, π 2 β^2 ) + ϕ ( x − Θ, π 2 β^2 )] + 2πεω + (2.20) + ∫_{+∞} −∞ dy 2π ϕ^′(x−y, πβ^2)Z_N (y)−2 ∫_{+∞} −∞ dy 2π ϕ^′(x − y, πβ^2)Im ln [ 1+e^{iZN (y+i0)} ] . Let us define for sake of conciseness K(x) ≡ 1 2π ϕ^′ ( x, πβ^2 ) , Φ(x) ≡ ϕ ( x + Θ, π 2 β^2 ) + ϕ ( x − Θ, π 2 β^2 ) , L_N (x) ≡ Im ln [ 1 + e^{iZN (x+i0)} ] . (2.21)

In these notations the Fourier transform of relation (2.20) is

Ẑ_N (k) = N 4 Φ̂(k) 1 − K̂(k) − 2 K̂(k) 1 − K̂(k) L̂_N (k) + 4π^2εω δ(k) 1 − K̂(k) , (2.22)

where we have adopted the convention f̂(k) ≡ ∫_{+∞} −∞ dxe^{−ikx}f(x) about the Fourier transform. Explicitly, the Fourier transforms of the first two functions in (2.21) are respectively

K̂(k) = sinh k (_π 2 − πβ^2 ) sinh^π_2 k

, Φ̂(k) = 4π ik sinh k (_π 2 −^π_2 β^2 ) sinh^π_2 k cos kΘ . (2.23)

Reparametrising the coupling constant β^2, introducing the kernel G(θ) and the renormalised twist ω̃, γ ≡ π(1−β^2) , Ĝ(k) ≡ − K̂(k) 1 − K̂(k) = sinh k (_π 2 − γ ) 2 cosh k^γ_2 sinh k (_π 2 −^γ_2 ) , ω̃ ≡ π β^2 ω , (2.24)

equation (2.22) takes the compact form

Ẑ_N (k) = N 4 Φ̂(k) 1 − K̂(k) + 2Ĝ(k)L̂_N (k) + 2πεω̃δ(k) . (2.25)

1We are fixing l to be even in the following (i.e. e^{iZN (αs)} = −1), as the case l odd can be treated along the same lines and in the end does not add new information.

– 4 –

Now we want to Fourier anti-transform and then to perform the continuous limit: therefore, it is necessary to work out in such a limit the behaviour of the anti-transform of the first term in the r.h.s. F_N (x) ≡ ∫_{+∞} −∞ dk 2π e^{ikx} ( N 4 Φ̂(k) 1 − K̂(k) )

= πN 4i ∫_{+∞} −∞ dk 2πk [ e^{ik(x+Θ)} + e^{ik(x−Θ)} ] sinh k ( π_2 − π_2 β2)

sinh k^π_2 β^2 cosh k (_π 2 −^π_2 β^2

). (2.26)

This driving term may be evaluated through the residue theorem and it diverges in the continuous limit, unless Θ depends on N in a peculiar way. We sketch here the evaluation, since it differs from the previous ones [2]–[4] (even from the conformal case [5]). All the poles of the integrand lie on the imaginary axis and, when 1/3 < β^2 < 2/3, the poles with smallest modulus are k = 0, ±i^π_γ . If in the continuous limit Θ → +∞, we evaluate for fixed x the integral in (2.26) containing e^{ik(x+Θ)} by choosing a semi-circle contour in the upper k-complex half-plane with a small semicircle avoiding the pole at k = 0. Since the contributions from the other poles are damped by an exponential of Θ, the leading term is given by the residue at the pole with the smallest nonzero modulus, i.e. k = iπ/γ, minus the contribution of the semicircle around k = 0, whose value is linear in N:^{πN(1−β2)}_{8β2} . Analogously, in the evaluation of the integral containing e^{ik(x−Θ)} we close the contour — containing a semicircle avoiding k = 0 — in the lower k-complex half-plane. Now, the leading contribution is given by the pole at k = −iπ/γ, minus the contribution of the semicircle around k = 0, whose value ( −^{πN(1−β2)} 8β^2 ) cancels the previous one. Adding the two residue contributions we obtain (up to terms o(N^0) → 0 when N → +∞): N → +∞ , F_N (x) = Ne^{− πγ Θ} sinh^π_γ x sin^{πβ2}_{2(1−β2 )}

+ o(N^0) = mR sinh π γ x + o(N^0) , (2.27)

where we have supposed a logarithmic divergence of Θ, via a constant mass parameter m (in such a way that mR is dimensionless):

Θ = − γ π ln [ mR N sin πβ^2 2(1 − β^2) ] . (2.28)

With this result in mind it is easy to write an equation satisfied by the counting function in the continuous limit, Z(x), from relation (2.25):

Z(x) = mR sinh π γ x + 2 ∫_{+∞} −∞ dy G(x − y)Im ln [ 1 + e^{iZ(y+i0)} ] + εω̃ . (2.29)

This nonlinear integral equation describes the ω̃-vacuum of the theory at the different values of ω̃.

Remark 1. In writing (2.22) we have paid the necessary attention to the zero modes of the operator to invert. Besides, we could more correctly derive equation (2.29) working out our calculations on the derivative of Z(x) [4], but we think that our derivation is simpler, once all the subtleties are under control.

– 5 –

Remark 2. Equation (2.29) has been found for 1/3 < β^2 < 2/3 and small ω̃. However, it can be considered without problems in the whole region 0 < β^2 < 1 and ω̃ ≥ 0, defining by analytical continuation a state of the continuous theory which minimises the energy.

Remark 3. Equation (2.29) with ω̃ = 0 would also describe the vacuum of the continuous theory from the (space-time) lattice sine-Gordon model [10, 9], with lagrangian L = 1 2 (∂φ)^2 + m^2_0 8πβ^2 cos √ 8πβφ , (2.30)

where m_0 = 2 √ 2(R/N)^{−1}(cosh 2Θ)^{−1/2} is a bare mass.^2 Hence, there is a sort of interchange, given by the first of (2.24), between the coupling constant β in the lagrangian and γ in the equation (2.29).

3. Local charges and transfer matrix

The continuous limit of a sum like (2.19) can be expressed, once (2.29) has been put in, in terms of only the counting function Z(x) (and the continuous limit of f_N (x), f(x)):

lim N→+∞ NΔ=R l∑ r=1 f_N (α_r) = f_b + ∫_{+∞} −∞ dx π J_f (x)Im ln [ 1 + e^{iZ(x+i0)} ] . (3.1)

We have rearranged the r.h.s. in order to separate the bulk contribution

f_b = lim_{N→+∞} [ − ∫_{+∞} −∞ dx 2π f^′_N (x) ( mR sinh π γ x + εω̃ )] , (3.2)

from the finite size corrections depending on the linear functional

J_f (x) = lim_{N→+∞} ∫_{+∞} −∞ dk 2π e^{ikx}ikf̂_N (k)Ĵ(k) , Ĵ(k) = sinh k^π_2 2 cosh k^γ_2 sinh k (_π 2 −^γ_2

). (3.3)

Formula (3.1) allows to calculate exactly state depending quantities of a Quantum Field Theory on cylinder. In particular this formula applies effectively to the calculation of the energy of the ω̃-vacuum. We build up the hamiltonian operator in tight analogy with the same construction in (space-time) lattice sine-Gordon model [10]

H ≡ − 1 4Δ sin πβ^2 cosh 2Θ [ e^{−2α} ∂ ∂α G^−_N (α) | | |_{α=−Θ− iπβ22} +e^{−2α} ∂ ∂α G^+_N (α) | | |_{α=−Θ+ iπβ22} −

− e^{2α} ∂ ∂α G^−_N (α) | | |_{α=Θ−}^{iπβ2}_2 − e^{2α} ∂ ∂α G^+_N (α) | | |_{α=Θ+}^{iπβ2}_2 ] , (3.4)

2From (2.28) we have the renormalised mass parameter m = [_{m0} 4 (_R N )_β2 ]^π_γ / sin^{πβ2}

2(1−β2) in the contin-

uous limit.

– 6 – where we have defined G^±_N (α) ≡ ln [ ρ^±_N (α)^{−1}Λ_N (α) ] . Using (2.7)–(2.9, (3.4), the eigenvalues of H for a general Bethe state read as a sum on Bethe roots, ∑_l r=1 h(α_r, N, R), where h(x, N, R) = − 1 4Δ sin πβ^2 cosh 2Θ ×

× [ − e^{Θ−x− iπβ2}2 sinh ( x + Θ +^{3iπβ2}_2 ) + e^{Θ−x+ iπβ2}2 sinh ( x + Θ +^{iπβ2}_2

) + (3.5)

+ e^{3Θ−x−5iπβ2}2 sinh ( x−Θ+^{3iπβ2}_2 ) − e^{3Θ−x−3iπβ2}2 sinh ( x−Θ+^{iπβ2}_2 ) − e^{Θ−x+iπβ2}2 sinh ( x+Θ−^{3iπβ2}_2 ) +

+ e^{Θ−x−iπβ2}2 sinh ( x+Θ−^{iπβ2}_2 ) + e^{3Θ−x+5iπβ2}2 sinh ( x−Θ−^{3iπβ2}_2 ) − e^{3Θ−x+3iπβ2}2 sinh ( x−Θ−^{iπβ2}_2 ) ] .

When 1/3 < β^2 < 2/3, extending the results of [11] to ω̃ ≠ 0, we are able to show that the ω̃-vacuum is indeed the eigenstate with the lowest eigenvalue. Moreover, when the twist ω̃ = 0 this is the energy of the (space-time) lattice sine-Gordon model [10].

After Fourier transforming [12] ikĥ(k, N, R) = ie^{2Θ} Δ cosh 2Θ sin πβ^2 πk sinh k^π_2 β^2

sinh k^π_2 × × [ sin ( kΘ − πβ^2 ) e^{−k π2 +kπβ2} − sin ( kΘ + πβ^2 ) e^{k π2 −kπβ2} ] , (3.6)

we are left with the evaluation of J_h(x) (3.3) in the continuous limit

J_h(x) = lim_{N→∞} { Nie^{2Θ} 2R cosh 2Θ sin πβ^2 ∫_{+∞} −∞ dk 2π e^{ikx} πk cosh k^γ_2 ×

× [ sin ( kΘ − πβ^2 ) e^{−k π2 +kπβ2} − sin ( kΘ + πβ^2 ) e^{k π2 −kπβ2} ] } . (3.7)

Again, because of relation (2.28) we can calculate exactly this limit by using the residue method (closing the contour of integration in the upper or in the lower k-complex halfplane). Collecting the finite contributions we obtain a simple behaviour

J_h(x) = −4m sin [_π 2 1−2β^4 1−β^2 ] sin^{πβ2}_{2(1−β2 )} (1 − β^2)^2 sin πβ^2 sinh π γ x . (3.8)

Hence, the finite size correction E − E_b to the energy of the ω̃-vacuum is

E − E_b = −4m sin [_π 2 1−2β^4 1−β^2 ] sin^{πβ2}_{2(1−β2 )} (1 − β^2)^2 sin πβ^2 ∫_{+∞} −∞ dx π sinh π γ x Im ln [ 1 + e^{iZ(x+i0)} ] . (3.9)

As far as the ω̃-vacuum state is concerned, this formula has been derived within a twisted lattice sine-Gordon model and hence proves the quantum equivalence with the approaches

– 7 – to the sine-Gordon model based on spin +1/2 XXZ chain [2, 4]. However, a different renormalisation of the mass occurs in (3.9).

We now want to compute the continuous limit of the eigenvalues of the transfer matrix (2.7) proposed in [7] as description of conformal field theories perturbed by Φ_{(1,3)}. To make formula (3.1) useful, we shall define F^±_N (α) ≡ ln Λ^±_N (α). Let us firstly concentrate on F^+_N (α):

F^+_N (α) = l∑ r=1 [ ln sinh(α − α_r + iπβ^2) sinh(α − α_r) − iπεβ^2 ] + + N 4 [ ln 2 sinh ( Θ − α − iπβ^2 2 ) + ln 2 sinh ( Θ + α + iπβ^2 2 ) − 2Θ ] . (3.10)

Now we restrict ourselves to the ω̃-vacua, although generalisations to excited states can be worked out along the developments of [4]. The last addendum in (3.10) gives a contribution whose continuous limit is zero if 0 < β^2 < 1/2 and infinity if 1/2 < β^2 < 1. Therefore, we shall regularise F^+(α) for 1/2 < β^2 < 1 defining it as the analytic continuation of F^+(α) with 0 < β^2 < 1/2. With this regularisation in mind we obtain from (3.1)

F^+(α) = F^+_b (α) + ∫_{+∞} −∞ dx π [∫_{+∞} −∞ dk 2π e^{ikx}ikf̂^+(k, α)Ĵ (k) ] Im ln [ 1 + e^{iZ(x+i0)} ] − εiπω , (3.11) where F^+_b (α) is the bulk contribution, Ĵ(k) is given by (3.3) and

f^+(x, α) = ln sinh ( α − x + iπβ^2 ) sinh(α − x)

. (3.12)

The twist ω comes out as in [5]. Since F^+(α) (3.10) has the periodicity property F^+(α + iπ) = F^+(α), it is sufficient to study F^+(α) in the strip γ−π < Imα < γ. Comparing (3.11) with relation (5.6) of [5], we remark that the second term in the r.h.s. is formally the same. Therefore, we can use the results of that paper: from formulæ (5.16, 5.24) of [5] we obtain that, if 0 < Imα < γ,

F^+(α) = F^+_b (α) − ∫_{+∞} −∞ dx γ 1 sinh^π_γ (x − α)

Im ln [ 1 + e^{iZ(x+i0)} ] − εiπω , (3.13) and that, if γ − π < Imα < 0,

F^+(α) = F^+_b (α) − εiπω + ∫_{+∞} −∞ dx π {∫_{+∞} −∞ dke^{ik} ( x−α−^{iπβ2}_2 ) i sinh k^γ_2 2 cosh k^γ_2 sinh k (_π 2 −^γ_2 ) } × ×Im ln [ 1 + e^{iZ(x+i0)} ] . (3.14)

On the other hand, from definitions (3.2) and (3.12) it follows that

F^+_b (α) = ∫_{+∞} −∞ dx 2π sinh iπβ^2 cosh ( α − x −^{iπ}_2 ) cosh ( α − x −^{iπ}_2 + iπβ^2 ) [ mR sinh π γ x + εω̃ ] . (3.15)

– 8 –

This integral is finite only for 0 < β^2 < 1/2. If 0 < Imα < γ its value is

F^+_b (α) = −mR ctg π^2 2γ cosh π γ α + iεπω , (3.16) whereas, if γ − π < Imα < 0 it equals

F^+_b (α) = −mR 1 sin^{π2}_{2γ} cosh [ π γ ( α + i π 2 )] + iεπω − iεω̃ . (3.17) Let us now consider F^−(α) which reads from (2.7)–(2.9)

F^−_N (α) = l∑ r=1 [ ln sinh(α − α_r − iπβ^2) sinh(α − α_r) + iπεβ^2 ] + + N 4 [ ln 2 sinh ( Θ − α + iπβ^2 2 ) + ln 2 sinh ( Θ + α − iπβ^2 2 ) − 2Θ ] . (3.18)

Again, in the continuous limit the last term is zero in the interval 0 < β^2 < 1/2 and we use our regularisation procedure. According to the latter we obtain a relation

F^−(α) = −F^+ ( α − iπβ^2 ) , (3.19)

which gives F^−(α) for any complex α. From the knowledge of F^±(α) it is simple to reconstruct Λ(α) = exp[F^+(α)] + exp[F^−(α)] in all the α-complex plane.

From the classical results [13] we can argue that the coefficients of the asymptotic expansion of ln Λ(α) are proportional to the local integrals of motion in involution I^∓_{2n+1} of perturbed conformal field theories. Therefore, using the same techniques as in [5], we expand ln Λ(α) for Reα → ±∞ in the strip max{−π/2, −γ} < Imα < min{π/2, γ} (which is only a technical assumption):

ln Λ(α)^·= −mR ctg π^2 2γ cosh π γ α ± ± 2 γ +∞∑ n=0 e^{∓ πγ α(2n+1)} ∫_{+∞} −∞ dx e^{± πγ x(2n+1)} Im ln [ 1 + e^{iZ(x+i0)} ] . (3.20)

Now, we need to compare this expression with the conformal analogous (5.48) of [5] and to consider the conformal normalisation coefficients c_n ([5, (5.50)]), to write down

ln Λ(α)^·= − mR ctg π^2 2γ cosh π γ α ± 2 π +∞∑ n=0 e^{∓ πγ α(2n+1)}c_{n+1}I^∓_{2n+1} , (3.21)

where the local integrals of motion have the exact expressions (χ = ∓1):

I^χ_{2n+1} = 1 c_{n+1} π γ ∫_{+∞} −∞ dx e^{−χ πγ x(2n+1)} Im ln [ 1 + e^{iZ(x+i0)} ] . (3.22)

Indeed, we have normalised them with respect to the conformal counterparts I_{2n+1} (cfr. [5, (5.51)]) so that in the conformal limit

lim_{r→0} ( r 2A )_{2n+1}

I^{χ=ε}_{2n+1} = I_{2n+1} , (3.23)

– 9 – where r = mR is a dimensionless parameter. Moreover, we have been able to build up a lattice field theory for which conjecture (3.31) of Bazhanov, Lukyanov and Zamolodchikov [14] — suggested by analogy with the conformal case [15] — holds. Nevertheless, the naïve scaling limit of our monodromy matrix [7] is absolutely different from the proposed (but not actually used) prescription given in [14]. On the other hand, we are in agreement with the finding of [14] derived using a brilliant development of the Thermodynamic Bethe Ansatz (TBA) technique in the case of scaling Lee-Yang model (cfr. e.g. [16], the first of [17] and references therein).

For β^2 = 1/2 the local integrals of motion (3.22) are explicitly given by

I^χ_{2n+1} =−2^{1−n}π^{2n}(n+1)(2n+1)Im ∫_{+∞} −∞ dxe^{−χ2(x+iη)(2n+1)} ln { 1+e^{i[mR sinh 2(x+iη)+2πεω]} } , (3.24) where 0 < η < π/2. The choice η = π/4 gives

I^χ_{2n+1} = χ(−1)^n2^{1−n}π^{2n}(n + 1)(2n + 1)r^{−2n−1} ReP_{2n+1}(a, r) , (3.25)

where a = −2πε(ω + 1/2) and we have introduced the rescaled charges

P_{2n+1}(a, r) = r^{2n+1} ∫_{+∞} 0 dθ cosh θ(2n + 1) ln [ 1 − e^{−r cosh θ−ia} ] , (3.26)

which have a finite conformal limit (r → 0). Their derivative with respect to r is written, after an integration by parts, in terms of modified Bessel functions, dP_{2n+1} dr (a, r) = r^{2n+1} +∞∑ k=1 e^{−iak}K_{2n}(kr) . (3.27) After integrating this formula and considering that the integration constant is fixed by the known [5] conformal limit (3.23), we would obtain an expression of I^χ_{2n+1} as series of modified Bessel functions. Nevertheless, we prefere to differentiate (3.27) and write down a relation involving K_0 only [12]: ( 1 r d dr )_{2n+1} ReP_{2n+1}(a, r) = +∞∑ k=1 cos ak k^{2n}K_0(kr) = (−1)^n d^{2n} da^{2n} +∞∑ k=1 cos akK_0(kr) . (3.28)

This expression allows us to simplify the form of the off-critical charges via a Schlömilch formula [12] (C is the Euler-Mascheroni constant): ∞∑ k=1 K_0(kr) cos ka = 1 2 ( C + ln r 4π ) + π 2 √ r^2 + a^2 +

+ π 2 ∞∑ l=1 [ 1 √ r^2 + (2lπ − a)^2 + 1 √ r^2 + (2lπ + a)^2 − 1 πl ] . (3.29)

Term by term derivatives can be performed using the formula d^{2n} da^{2n} 1 √ x^2 + a^2 = ∑_{2nh=0} h∈2N b^{(2n)}_h a^hx^{2n−h} (x^2 + a^2)^{2n+1/2}

, b^{(2n)}_h =

(−1)^{n+h/2} [(2n − 1)!!]^2 h! h−2∏ k=0 k∈2N (2n − k)^2 .

(3.30)

– 10 –

We give the explicit result for the case n = 0,

ReP_1(a, r) = r^2 8 [2C − 2 ln 4π + ln r^2 − 1] + π 2 √ r^2 + a^2 − π 2 |a| + (3.31) + π 2 ∞∑ l=1 [√ r^2 + (2lπ − a)^2 + √ r^2 + (2lπ + a)^2 − r^2 2πl − 4πl ] − π^2B_2 ( a 2π ) ,

because in the cases ω = 0, ±1/2 it reproduces known TBA results [18].

So far, we have studied the monodromies of I^χ_{2n+1} on r = mR. Actually, it is also important to see how the charges depend on the twist ω. Let us extend (3.24) to semiintegers n ≥ 0. Introducing the index k ∈ N, k ≥ 1, we find that the following differential equation holds: ( rχ 2πε ) 1 2^{1/2}π(k + 3) dI^χ_{k+2} dω + ( rχ 2πε ) π(k + 2) 2^{3/2}k(k + 1) dI^χ_k dω − I^χ_{k+1} = 0 . (3.32)

In the conformal limit r → 0, taking into account (3.23), we get the solution I_{k+1} = −ε2^{−1−k/2}B_{k+2}(ω + 1/2).

4. Summary and outlook

Starting from the lattice theory of two coupled (m)KdV equations, we have found in the whole interval 0 < β^2 < 1 the nonlinear integral equation which describes the vacuum sector and we are in the position to work out all features of excited states after [4]. The existence in our approach of a transfer matrix (which generates the local integrals of motion in involution) has allowed us to give expressions for its eigenvalues on the twisted vacua in terms of the solutions of the nonlinear integral equation and makes possible, in the next future, to find a deep link with the Thermodynamic Bethe Ansatz technique of Bazhanov, Lukyanov and Zamolodchikov [14]. We have found strong evidence that local charge eigenvalues coincide with the primary state eigenvalues of the local integrals of motion of Φ_{(1,3)} perturbed conformal field theories, the primary weight being linked to the twist. The expressions become explicit for β^2 = 1/2. Eventually, we want to emphasise that the wide generality of our construction [7, 5] makes possible its application, e.g., in the domain of two-dimensional supersymmetric field theories, like super KdV (cfr. for instance [19] and references therein). Also, a formulation of a off-critical T Q relation à la Baxter [20] with exact formulæ for Q is easily derivable.

Acknowledgments

Discussions with R. Tateo and P. Dorey are kindly acknowledged. D.F. thanks EPRSC (grant GR/M66370) and Leverhulme Trust (grant F/00224/G). M.R. thanks EPRSC for the grant GR/M97497 and the Department of Mathematical Sciences of Durham for warm hospitality. This work has also been supported by EC FP5 Network, contract number HPRN-CT-2002-00325.

– 11 –

References

[1] O. Babelon, D. Bernard and F.A. Smirnov, Null-vectors in integrable field theory, Commun.

Math. Phys. 186 (1997) 601 [hep-th/9606068];

D. Fioravanti and M. Stanishkov, On the null vectors in the spectra of the 2D integrable hierarchies, Phys. Lett. B 430 (1998) 109 [hep-th/9806090].

[2] C. Destri and H.J. de Vega, New thermodynamic Bethe ansatz equations without strings, Phys. Rev. Lett. 69 (1992) 2313;

A.B. Zamolodchikov, Thermodynamics of imaginary coupled Sine-Gordon: dense polymer finite size scaling function, Phys. Lett. B 335 (1994) 436;

C. Destri and H.J. De Vega, Unified approach to thermodynamic Bethe ansatz and finite size corrections for lattice models and field theories, Nucl. Phys. B 438 (1995) 413 [hep-th/9407117].

[3] A. Klümper and P.A. Pearce, Analytic calculation of scaling dimensions: tricritical hard squares and critical hard hexagons, J. Stat. Phys. 64 (1991) 13;

A. Klümper, M. Batchelor and P.A. Pearce, Central charge of the 6- and 19-vertex models with twisted boundary conditions, J. Phys. A 24 (1991) 3111.

[4] D. Fioravanti, A. Mariottini, E. Quattrini and F. Ravanini, Excited state Destri-de Vega equation for Sine-Gordon and restricted Sine-Gordon models, Phys. Lett. B 390 (1997) 243 [hep-th/9608091];

C. Destri and H.J. de Vega, Non-linear integral equation and excited-states scaling functions in the Sine-Gordon model, Nucl. Phys. B 504 (1997) 621 [hep-th/9701107]; G. Feverati, F. Ravanini and G. Takacs, Nonlinear integral equation and finite volume spectrum of minimal models perturbed by phi(1,3), Nucl. Phys. B 570 (2000) 615 [hep-th/9909031].

[5] D. Fioravanti and M. Rossi, Exact conserved quantities on the cylinder, I: conformal case, J.

High Energy Phys. 07 (2003) 031 [hep-th/0211094].

[6] A. Kundu, Exact bethe ansatz solution of nonultralocal quantum MKDV model, Mod. Phys.

Lett. A 10 (1995) 2955 [hep-th/9510131].

[7] D. Fioravanti and M. Rossi, A braided Yang-Baxter algebra in a theory of two coupled lattice quantum KdV: algebraic properties and ABA representations J. Phys. A 35 (2002) 3647 [hep-th/0104002]; From the braided to the usual Yang-Baxter relation, J. Phys. A 34 (2001) L567 [hep-th/0107050].

[8] L. Hlavaty, Quantum braided groups, J. Math. Phys. 35 (1994) 2560 [hep-th/9210152].

[9] F. Essler, H. Frahm, A. Its and V. Korepin, Determinant representation for a quantum correlation function of the lattice Sine-Gordon model, J. Phys. A 30 (1997) 219 [hep-th/9512090].

[10] A.G. Izergin and V.E. Korepin, Lattice versions of quantum field theory models in two-dimensions, Nucl. Phys. B 205 (1982) 401.

[11] N.M. Bogoliubov, On the physical sector of the lattice Sine-Gordon model, Theor. Math.

Phys. 51 (1982) 540.

[12] I.S. Gradshteyn and I.M. Ryzhik, Table of integrals, series and products, fifth ed., Academic Press, New York 1993.

– 12 –

[13] D. Fioravanti and M. Stanishkov, Hidden Virasoro symmetry of (soliton solutions of) the Sine-Gordon theory, Nucl. Phys. B 591 (2000) 685 [hep-th/0005158].

[14] V.V. Bazhanov, S.L. Lukyanov and A.B. Zamolodchikov, Quantum field theories in finite volume: excited state energies, Nucl. Phys. B 489 (1997) 487 [hep-th/9607099].

[15] V.V. Bazhanov, S.L. Lukyanov and A.B. Zamolodchikov, Integrable structure of conformal field theory, quantum KdV theory and thermodynamic Bethe ansatz, Commun. Math. Phys. 177 (1996) 381 [hep-th/9412229]; Integrable structure of conformal field theory II. Q-operator and DDV equation, Commun. Math. Phys. 190 (1997) 247 [hep-th/9604044].

[16] J.L. Cardy and G. Mussardo, S matrix of the Yang-Lee edge singularity in two-dimensions, Phys. Lett. B 225 (1989) 275;

A.B. Zamolodchikov, Thermodynamic Bethe ansatz in relativistic models. Scaling three state potts and Lee-Yang models, Nucl. Phys. B 342 (1990) 695.

[17] F.A. Smirnov, The perturbated c < 1 conformal field theories as reductions of Sine-Gordon model, Int. J. Mod. Phys. A 4 (1989) 4213;

A. LeClair, Restricted sine-gordon theory and the minimal conformal series, Phys. Lett. B 230 (1989) 103;

N. Reshetikhin and F. Smirnov, Hidden quantum group symmetry and integrable perturbations of conformal field theories, Commun. Math. Phys. 131 (1990) 157; D. Bernard and A. Leclair, Residual quantum symmetries of the restricted Sine-Gordon theories, Nucl. Phys. B 340 (1990) 721.

[18] T.R. Klassen and E. Melzer, The thermodynamics of purely elastic scattering theories and conformal perturbation theory, Nucl. Phys. B 350 (1991) 635.

[19] P. Mathieu, Open problems for the superKdV equations, talk presented at AARMS-CRM workshop on Backlund and Darboux transformations: the geometry of soliton theory, Halifax, Nova Scotia, June 4-9, 1999 [math-ph/0005007].

[20] R.J. Baxter, Partition function of the eight vertex lattice model, Ann. Phys. (NY) 70 (1972) 193.

– 13 –